We study regular and asymptotically flat phantom black holes as gravitational lenses. We obtain the deflection angle in both the weak and the strong deflection limits, from which we calculate the positions, magnifications, and time delays of the images. We compare our results with those corresponding to the Schwarzschild solution and to the vacuum Brans-Dicke black hole.
Introduction
The subject of black hole gravitational lensing has received growing attention since the discovery of supermassive black holes at the center of galaxies, in particular the one associated with SgrA* in the Milky Way. The light rays passing close to the photon sphere have a large deviation, and the deflection angle can be calculated by using the strong deflection limit -consisting in a logarithmic approximation-which was introduced some decades ago [1] for the Schwarzschild spacetime. This method allows for the calculation of the positions, the magnifications, and the time delays of the relativistic images. It was rediscovered several times [2] , then extended to the Reissner-Nordström metric [3] , and to any spherically symmetric object with a photon sphere [4] . Numerical studies of black hole lenses were also performed [5] . Other interesting works considering strong deflection lenses with spherical symmetry can be found in Refs. [6] [7] [8] [9] [10] . The lensing effects of rotating black holes were analyzed by several researchers [11, 12] as well. The apparent shapes or shadows of rotating black holes have a deformation due to the spin [12] [13] [14] [15] [16] . It is thought that direct observation of supermassive black holes and the optical effects associated with them will be possible in the near future [16] . For recent reviews about black hole lensing, see Refs. [17] .
The well known type Ia supernova observations [18] lead to the cosmological scenario of an accelerated expansion of the Universe. The usual explanation is that the Universe is filled with a negative pressure fluid called dark energy (see, for example, Ref. [19] and references therein) which accounts for about 70 %, with the other 30 % corresponding to visible and dark matter. For the prevailing component, the simpler equation of state relating the pressure p with the energy density ρ has the linear form p = wρ: if w > −1 it is called quintessence, the case w = −1 corresponds to a cosmological constant Λ, and when w < −1 it receives the name of phantom energy. Dark energy can be modeled by a self-interacting scalar field with a potential [19] . Within this context, regular black hole and wormhole phantom solutions with spherical symmetry were found in Ref. [20] . The stability of these solutions was recently studied [21] . Static and spherically symmetric solutions with phantom matter, corresponding to regular black holes and black universes -in which an observer gets into an expanding universe after crossing the horizon-are discussed in Ref. [22] . Black holes in scalar-tensor gravity are also analyzed in Ref. [23] . Phantom dilaton black holes [24] were recently studied as gravitational lenses [25] .
In the present work, we consider as gravitational lenses a class of regular phantom black holes studied in Ref. [20] . In Sec. 2, we review the main physical properties of the geometry adopted, introduce the lens equation, and we obtain the exact expression for the deflection angle. In Sec. 3, we approximate the deflection angle by its weak deflection limit value in order to find the positions and magnifications of the primary and secondary images. In Sec. 4, we find the strong deflection limit, from which we calculate the positions and magnifications of the relativistic images. In Sec. 5, we show the mathematical expressions corresponding to the time delays between the images. Finally, in Sec. 6, we discuss the results obtained and the observational prospects. We use units such that G = c = 1.
Lens equation and deflection angle
We consider the Lagrangian corresponding to Einstein gravity coupled to a scalar field φ with a potential V (φ) and the electromagnetic field set to zero:
with ǫ = −1 (phantom field) and
The Einstein-scalar equations coming from this Lagrangian admit a static and spherically symmetric solution [20] having the metric
with
and the scalar field
where c, r 0 , and b > 0 are constants. The parameter b can be interpreted as a scale of the scalar field. The radial coordinate r is a real number, and the function S(r) = 4πR 2 (r), with R(r) = C(r), gives the area of the spherical surface corresponding to a given value r. This area function S(r) has the minimum value S(0) = 4πb 2 , so the geometry presents a throat at r th = 0. The solution is regular everywhere and the position of the horizon can be obtained from the equation A(r) = 0. The metric becomes asymptotically flat [20] as r → +∞ when The constant m = r 0 /3 can be interpreted in the usual way as the mass. If m = 0 the geometry is that of the Ellis wormhole [26] , which connects two symmetric asymptotically flat regions through a throat at r th = 0. When m < 0 there are no horizons and the spacetime corresponds to a wormhole with a throat at r th = 0 that connects an asymptotically flat region (r > 0) with an asymptotically anti-de Sitter region (r < 0). If m > 0, there is one Killing horizon, corresponding to the only root r h of A(r). In this case, the region corresponding to r > r h is asymptotically flat and the one with r < r h is asymptotically de Sitter. These regular black holes also receive the name of black universes. When 0 < b < 3πm/2 one has 0 < r h < 2m, if b = 3πm/2 then r h = 0, and when b > 3πm/2 one obtains r h < 0. In the first case r th = 0 < r h , and the throat is not a true one, because r corresponds to a time coordinate in the region with r < r h ; in the second case, the throat and the horizon coincides (r th = r h = 0); and in the third case, the throat is outside the horizon (r h < r th = 0). The regular phantom solution combines the properties of black holes (the presence of a horizon) with those of wormholes (the presence of a throat). In the limit b → 0 the throat is lost and for m > 0 the Schwarzschild solution, with the singularity at r = 0 and the horizon at r h = 2m, is obtained. For more details see Refs. [20, 21] .
From now on, we adopt the value of c given by the condition (6) , so that the geometry is asymptotically flat, and m > 0 corresponding to a black hole (or black universe). It is useful for the calculations that follow to adimensionalize all quantities in terms of the mass m, by defining the radial coordinate x = r/m, the time coordinate T = t/m, and the parameterb = b/m. Then the solution takes the form
and
The value of the radial coordinate corresponding to the horizon x h , obtained numerically from the condition A(x h ) = 0, is the decreasing function ofb shown in Fig. 1 ; forb = 3π/2 the horizon radial position is x h = 0 and whenb > 3π/2 it is negative. The geometry has a photon sphere, its radius x ps is given by the largest positive solution of the equation
where the prime represents the derivative with respect to x. Replacing the metric functions in Eq. (10) and after some straightforward calculations, we find that the photon sphere radius has the constant value x ps = 3.
To study the lensing effects, we adopt the configuration where the black hole (l) is situated between a point source of light (s) and an observer (o), both of them located in the region corresponding to x > 0, at distances much larger than the horizon radius x h , so that they lie in a flat region. The lens equation relates the deflection angle α with the angular positions -seen from the observer, with the optical axis defined as the line joining the observer and the lens-of the source β and the images θ. We will take β > 0 without losing generality. The lens equation can be written in the form [28] 
where d os , d ol , and d ls , are the observer-source, observer-lens, and lens-source angular diameter (adimensionalized) distances, respectively. The deflection angle for a photon coming from infinity, in terms of the closest approach distance x 0 , is given by [8, 27] 
where
The deflection angle is a monotonic decreasing function of x 0 ; it diverges when x 0 gets close to the radius of the photon sphere x ps and it approaches to zero for large x 0 , as it can be seen in Fig. 2 . When x 0 is close enough to x ps , the deflection angle α is greater than 2π, and the photons perform one or more turns around the black hole before reaching the observer. Then, there are two infinite sets of strong deflection or relativistic images, one of them due to clockwise winding around the black hole and the other one produced by counterclockwise winding. These relativistic images are located, respectively, at the same side and at the opposite side of the source. To obtain the positions of the images for a given source position, we have to replace the deflection angle given by Eqs. (12) and (13) in the lens equation (11) and invert it. The resulting equation is quite complicated and cannot be solved analytically without some simplifying approximations.
Weak deflection images
Let us first analyze the case of photons with a large impact parameter, so the closest approach distance x 0 is large. By defining y = x 0 /x, and performing a Taylor expansion to second order around 1/x 0 of the integrand, the Eq. (13) takes the form
by calculating the integral and replacing it in Eq. (12), the deflection angle, in the weak deflection limit, results
Keeping only the first order of Eq. (16), and using the relation
For high alignment, the lens equation (11) can be written in a simpler form, by approximating the trigonometric functions by their first order expansions, so it reduces to
The Einstein ring is formed for perfect alignment of the source, the lens, and the observer, i.e. when β = 0; its radius is given by
Then, in terms of the Einstein radius, the deflection angle has the form
The angular positions of the primary and the secondary images are obtained by replacing (20) in the lens equation (18) to give
Gravitational lensing conserves surface brightness. The magnification is given by the quotient of the solid angles subtended by the image and the source
which for small angles reduces to
By replacing the angular positions of the images given by (21) in the expression (23), the magnifications of the primary and secondary images take the form
It is important to note that the results obtained above do not depend onb to first order in 1/x 0 . Higher order corrections (which are functions ofb) can be obtained following the procedure detailed in Ref. [29] .
Relativistic images
We consider now the case of photons passing close to the photon sphere, for which we adopt the so-called strong deflection limit [4] . We split the integral (13) as a sum of two parts:
By performing a Taylor expansion of the argument inside the square root in Eq. (30), one has
With these definitions, I D converges for x 0 = x ps because ϕ = 0 and
Eq. (32), we find that ϕ = 0 and f 0 ∼ 1/z, and I D (x 0 ) has a logarithmic divergence. So, I D is the term containing the divergence at x 0 = x ps , and I R is regular since it has the divergence subtracted. The logarithmic divergence of the deflection angle for photons passing close to the photon sphere, in terms of the impact parameter
can be approximated by the simple general form [4] α(u) = −c 1 ln
where u ps is the impact parameter evaluated at x 0 = x ps and
The quantities c 1 and c 2 are named the strong deflection limit coefficients, which depend only on the metric functions. For the phantom black hole, we obtain that the critical impact parameter is given by
and the strong deflection limit coefficients have the values
where c R cannot be calculated analytically, so it is found numerically for each value ofb. The coefficient c 1 is a constant and c 2 is shown as a function of the parameterb in Fig. 3 . The deflection angle, obtained above in the strong deflection limit, can be directly related to the positions and magnifications of the relativistic images by using the lens equation. The lensing effects are more significant when β and θ are small, i.e. when the objects are highly aligned. In this case, α is close to an even multiple of π. For β = 0, two infinite sets of relativistic images are obtained, one on each side of the lens. So, the deflection angle for the first set of relativistic images can be written as α = 2nπ + ∆α n , with n ∈ N, and 0 < ∆α n ≪ 1. In this approximation, the lens equation (11) takes the simple form
For the other set of images, which satisfy α = −2nπ − ∆α n , the quantity ∆α n is replaced by −∆α n in Eq. (42). The deflection angle can also be expressed in terms of two measurable magnitudes: the angular position of the image θ and the distance between the observer and the black hole d ol . According to the lens geometry, we have that
The angular position of the n-th image is obtained by inverting Eq. (43) and performing a first order Taylor expansion around α = 2nπ:
From Eqs. (42) and (44), θ n can be rewritten using ∆α n = (θ n − β)d ol /d ls . Then,
Since 0 < ζ n d os /d ls < 1 and keeping only the first-order term in ζ n d os /d ls , which is a small correction to θ 0 n , the angular positions for one set of relativistic images finally take the form and for the other set
The magnification µ n of the n-th relativistic image is given by the angle subtended by the image and the source, as in the weak deflection case, i.e. Eq. (22) . Considering small angles and replacing Eq. (48) in the expression (23), we have
After performing a Taylor expansion in ζ n d os /d ls , the magnification of the n-th image for both sets of relativistic images finally reduces to
Equations (45) and (46) imply that the magnifications decrease exponentially with n, so the first relativistic image is the brightest one. On the other hand, the factor (u ps /d ol ) 2 is very small meaning that the magnifications are very faint unless the lens and the source are highly aligned (β ≈ 0). These results can be compared with observations by defining the observables [4] :
The limiting value θ ∞ , where the images approach as n → ∞, is an increasing function ofb for a given value of d ol . As the first relativistic image is the outermost and brightest one, it would be resolved from the others, so s is defined as the angular separation between the first relativistic image and the others, which approach to the limiting angular position θ ∞ . The observable r is the quotient between the flux of the first image and the flux coming from all the other ones. As it is shown in the above expressions, the angular positions and the magnifications of the relativistic images are related to the strong deflection limit coefficients. For high alignment, the observables take the form
and r = e 2π/c 1 = e 2π .
The observable r is a constant and the quotient s/θ ∞ is plotted as a function of the parameterb in Fig. 4 .
Time delays
In the case of transient sources, it is of interest to study the time delays between the images, due to the different paths that follow the photons that form them. The (adimensionalized) time delay between the primary and the secondary images is given by [30] ∆T p,s = 4
which can be written in the form
From Eq. (58), it is clear that for perfect alignment (i.e. β = 0), there is no time delay. As β/θ E grows, larger time delays can be obtained, but if β/θ E ≫ 1, the magnification of the primary image is close to one and the secondary image is very faint and it could not be observable. The optimal situation is when β/θ E is small enough to have large magnifications of both images, but not too close to zero, so the time delay can be longer than the typical time scale of the variable source. By using the results of Sec. 3, we see that, in the first order approximation adopted in the present work, the value of ∆T p,s is the same as for the Schwarzschild black hole.
For the relativistic images, the (adimensionalized) time delay between the n-th and m-th images formed at the same side of the lens is given by [31] 
where the upper (lower) sign corresponds if both images are on the same (opposite) side of the source. For the images at the opposite side of the lens we have [31] ∆T
where the image with winding number n is on the same side of the source and the other one on the opposite side. In both cases, the expressions from Ref. [31] have been expanded to first order in the source position angle, measured from the observer instead of from the source. The first term in Eqs. (59) and (60) is by large the most important one [31] , and is the delay related to the difference of loops given by the photons around the black hole before emerging. The time delay between the primary and the secondary images is shorter than the time delays between the relativistic images.
Conclusions
In this paper, we have studied the gravitational lensing effects produced by regular black holes, which are solutions of the Einstein equations with a scalar field possessing a negative kinetic term and a potential, without the presence of the electromagnetic field. These black holes (or black universes) have an asymptotically flat region that continues to an asymptotically de Sitter region after crossing the horizon, and they can have a throat outside the horizon. We have obtained the weak and the strong deflection limits of the deflection angle in order to calculate the positions, magnifications and time delays of the images for a high alignment scenario. The results were shown in terms of the quotient between the parameter b associated to the ghost field and the (positive) mass m of the black hole. Let us compare the results obtained in the present work, with those corresponding to the Schwarzschild black hole solution. In the weak deflection limit, to first order in the quotient m/r 0 between the mass and the closest approach distance r 0 , we have found that the deflection angle does not depend on b/m and the positions, magnifications and time delays of the images are the same as in the case of the Schwarzschild spacetime. The strong deflection limit coefficients for the Schwarzschild black holes [4] have the values c Sch 19615 m/D ol , and the relative separation of the images s/θ ∞ is smaller than (s/θ ∞ ) Sch = 0.00125, so the images are farther from the origin and more packed together than in the Schwarzschild case. With respect to the magnifications, the behavior is similar to that of the Schwarzschild lenses, in the sense that the quotient between the flux of the first image and the flux coming from all the others satisfy r = r Sch = e 2π . The complicated expressions for the time delays of the relativistic images makes a general comparison difficult, so we have to rely on a numerical example (see below). One particularly interesting case occurs if b/m = 3π/2, i.e. when the horizon coincides with the throat, since it was shown in Ref. [21] that the solution is stable; we have that c 2 = −0.646528, θ ∞ = 7.84411 m/D ol and s/θ ∞ = 0.000978, with large differences with respect to the Schwarzschild values.
To provide a numerical example, let us consider the Galactic center supermassive black hole [32] , for which the mass is M = 4.31 × 10 6 M ⊙ and the distance from the Earth is D ol = 8.33 kpc. We also adopt D os = 2D ol as the value of the distance between the observer and the source, an angular position of the source β = 0.5 θ ∞ , and b/m = 3π/2. Then, we have that the limiting value of the angular positions of the relativistic images is θ ∞ = 40.0183 µas, with the first image separated from it by s = 0.03915 µas. The magnification of the first strong deflection image is µ 1 = 7.6 × 10 −13 , and the quotient between the flux of the first image and the flux coming from all the others is r = e 2π ≈ 535. The time delay between the first relativistic image at one side and the first one at the other side is |∆t o 1,1 | = 1.122 × 10 −9 min, and the time delay between the first relativistic image and the second one at the same side is |∆t | = 11.704 min. We see that for the phantom black hole the time delays are, in both cases, larger than those for the Schwarzschild geometry.
Another interesting spacetime for a comparison with our results is the spherically symmetric vacuum solution of Brans-Dicke theory, for which the gravitational lensing in the strong deflection limit was studied in Ref. [7] . The theory has a coupling parameter ω; in the limit ω → ∞ the Schwarzschild geometry is recovered. Following Ref. [7] , we adopt for the calculations the values ω = 500 and ω = 50000. The strong deflection limit coefficients [7] are c BD The observation of the vicinity of black holes will be possible in the next years, when new instruments are expected to be operational, in the radio and X bands, such as RADIOASTRON [16, 33] , Event Horizon Telescope [34] and MAXIM [35] . RADIOASTRON is a space-based radio telescope, with an angular resolution of about 1 − 10 µas. The Event Horizon telescope is based on very long baseline interferometry, to combine existing and future millimeter/submillimeter facilities into a high-sensitivity, high angular resolution telescope. The MAXIM project is a space-based X-ray interferometer with an expected angular resolution of about 0.1 µas. Some observational features of the Galactic supermassive black hole, including strong deflection traits, can be found in the recent review [36] . Subtle effects coming from the comparison of different black hole models, such as those arising from alternative theories, will surely require more advanced future instruments.
Note added: The day before this work was sent to arXiv, the paper [37] appeared online in the same database, containing a partial overlap with our results.
